is con sid ered as a ma trix of touch ing and non-touch ing in-line oc ta gon and hexa gon cyl in ders. The mod els are used to pre dict the ther mal con duc tiv ity of nu mer ous two-phase ma te ri als (max i mum con duc tiv ity ra tio of 1000 and con centra tion rang ing be tween 0 and 1). The es ti mated ther mal con duc tiv ity data is in
In tro duc tion
The im por tance of two-phase ma te ri als such as ce ram ics, metal foams, emul sion and sus pended sys tems, and gran u lar ma te ri als lies in many of the ap pli ca tions in mi cro elec tronic chip cool ing, space craft struc ture, cat a lytic re ac tors, heat re cov ery pro cess, heat exchangers, heat stor age sys tems, pe tro leum re fin er ies, nu clear re ac tors, elec tronic pack ag ing, and food process ing. Many re search ers have spent an enor mous amount of ef fort on de vel op ing var i ous an alyt i cal meth ods for mod el ing and cal cu lat ing two-phase ho mo ge neous ma te ri als with im bed ded in clu sions and sur round ing inter phase. More over, this prob lem has im por tance be cause of its anal ogy with the gen eral sus cep ti bil ity of dis persed me dia such as di elec tric con stant, re frac tive in dex, mag netic permittivity, elec tri cal con duc tiv ity, elas tic modulus, and dif fu sion co ef fi cient. The prob lem is one of the long stand ing is sues and has been treated in many pa pers on the ba sic The aim of this pa per is to clar ify the sit u a tions by pro vid ing gen eral guide lines for select ing suit able ef fec tive ther mal con duc tiv ity model. In this pa per, a col lo cated pa ram e ter model is pro posed based on the unit cell ap proach with par al lel iso therms to es ti mate the ther mal con duc tiv ity of var i ous in clu sions. An ef fort is made to de velop the ef fec tive ther mal con duc tivity equa tions for hexa gon and oc ta gon cyl in ders and com pare with ex per i men tal re sults [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] .
Ef fec tive ther mal mod el ing of two-di men sional spa tially pe ri odic two-phase me dium
The de vel op ment of col lo cated-pa ram e ter model for es ti mat ing the ef fec tive ther mal con duc tiv ity based on the ma te rial mi cro and nano-struc ture is ex tremely im por tant for ther mal de sign and anal y sis of two-phase sys tems. The elec tric re sis tance anal ogy leads to al ge braic expres sions for stag nant ther mal con duc tiv ity of the two-phase ma te ri als. The re sis tance method is re ferred as the col lo cated pa ram e ter model. The main fea ture of re sis tance method is to as sume one-di men sional heat con duc tion in a unit cell. The unit cell is di vided into three par al lel lay ers, namely, sol ids, fluid, or com pos ite lay ers nor mal to the tem per a ture gra di ent. The ef fec tive thermal con duc tiv ity of two-phase sys tem is de ter mined by con sid er ing equiv a lent elec tri cal resistances of par al lel and se ries in the col lo cated pa ram e ter unit cell model. The ther mal conduc tiv ity of the com pos ite layer is ob tained us ing the se ries model.
Oc ta gon cyl in der
The ETC of the two-di men sional me dium can be es ti mated by con sid er ing an oc tagon cyl in der with cross-sec tion a·a hav ing a con nect ing bar width of c as shown in fig. 1(a) . The stag nant ther mal con duc tiv ity of the two-di men sional pe ri odic me dium is the fi nite contact be tween the spheres by con nect ing plates with c/a de not ing the con tact pa ram e ter. Because of the sym me try of the plates, one fourth of the square cross-sec tion has been con sid ered as a unit cell and is shown in fig. 1(b) . The unit cell con sists of three rect an gu lar lay ers nor mal to the di rec tion of heat flow. The ther mal con duc tiv ity of the solid and fluid layer is ob tained based on a se ries model. The first rect an gu lar layer is fully oc cu pied by the solid with a di mension of (l/2) (c/2) and other two rect an gu lar lay ers con sists of solid and fluid phases with a di -men sion of (l/2) [(a/2 + a/2 1/2 ) -c/2] and (l/2) [l/2 -(a/2 + a/2 1/2 )], re spec tively. The model is based on the one di men sional heat con duc tion in the unit cell. The tem per a ture gra di ent in the three lay ers is nor mal to the di rec tion of heat flow. The ETC of two-di men sional oc ta gon cylin der is cal cu lated for par al lel iso therm con di tions as fol lows: to tal re sis tance of fered by the oc ta gon cyl in der in the unit cell is given as:
where -the re sis tance of fered by the solid layer I,
-the to tal re sis tance of fered by the layer II, 
The ther mal con duc tiv i ties of the com pos ite lay ers can be ob tained based on the se ries model. The ther mal con duc tiv ity of the com pos ite layer II is given by: 
Sim i larly, the ther mal con duc tiv ity of the com pos ite layer III is given by:
where a = k s /k f , e = a/l, l = c/a, and el = c/l. The solid phase frac tion of the unit cell is rep re sented in terms of con cen tra tion (n), and is given by: n = Volume of the solid phase Total volume of the unit cell
eq. (8) can be writ ten as:
Sub sti tut ing eqs. (2-9) in eq. (1), the to tal re sis tance of unit cell is given as: 
The non-di men sional ther mal con duc tiv ity of two-di men sional oc ta gon cyl in der is given as:
Hexa gon cyl in der
The ETC of the two-di men sional me dium can be es ti mated by con sid er ing a hexa gon cyl in der with cross-sec tion a·a hav ing a con nect ing bar width of c as shown in fig. 2 (a). The stag nant ther mal con duc tiv ity of the two-di men sional pe ri odic me dium is the fi nite con tact between the spheres by con nect ing plates with c/a de not ing the con tact pa ram e ter. Be cause of the sym me try of the plates, one fourth of the square cross-sec tion has been con sid ered as a unit cell and is shown in fig. 2 (b). The unit cell con sists of three rect an gu lar lay ers nor mal to the di rec tion of heat flow. The ther mal con duc tiv ity of the solid and fluid layer is ob tained based on a se ries model. The first rect an gu lar layer is fully oc cu pied by the solid with a di men sion of (l/2)(c/2) and other two rect an gu lar lay ers con sists of solid and fluid phases with a di men sion of
, re spec tively. The model is based on the one dimen sional heat con duc tion in the unit cell. The tem per a ture gra di ent in the three lay ers is nor mal to the di rec tion of heat flow. The ETC of two-di men sional hexa gon cyl in der is cal cu lated for par al lel iso therm con di tions as fol lows: -the to tal re sis tance of fered by the hexa gon cyl in der in the unit cell is given as:
where -the re sis tance of fered by the solid layer I, 
where a = k s /k f , e = a/l, l = c/a, and el = c/l. The solid phase frac tion of the unit cell is rep re sented in terms of con cen tra tion (n), and is given by:
Volume of the solid phase Total volume of the unit cell
eq. (19) can be writ ten as:
Sub sti tut ing eqs. [13] [14] [15] [16] [17] [18] [19] [20] in eq. [12] , the to tal re sis tance of unit cell is given as: 
The non-di men sional ther mal con duc tiv ity of two-di men sional hexa gon cyl in der is given as:
Re sults and dis cus sions
The ef fec tive ther mal con duc tiv ity of a two-phase sys tem mainly de pends on con centra tion, con duc tiv ity ra tio, size, shape, and ther mal con tact be tween solid-solid and solid-fluid in ter face. The ef fect of con cen tra tion (n) on the non-di men sional ther mal con duc tiv ity of two-di men sional (oc ta gon and hexa gon cyl in der) ge om e try's have been stud ied and are shown in figs. 3 and 4 . The pres ent model with var i ous in clu sions lies be tween par al lel and se ries lines for con duc tiv ity ra tio a = 20 and con tact ra tio l = 0-0.2. For oc ta gon cyl in der, the pres ent cor rela tion is ap pli ca ble for con cen tra tion vary ing from 0 to 0.7, for fur ther in cre ment in the con centra tion; the non-di men sional ther mal con duc tiv ity is in creas ing be yond the up per bound. Sim ilarly for hexa gon cyl in der the pres ent equa tion is ap pli ca ble, if the con cen tra tion vary ing from 0 to 0.8. Both the mod els are not ap pli ca ble for con cen tra tion be yond 0.8, be cause the lim i ta tions in the shape of the mod els.
The vari a tion of non-di men sional ther mal con duc tiv ity with con duc tiv ity ra tio (a) for low (n = 0.3) and high (n = 0.8) con cen tra tion two-di men sional spa tially pe ri odic me dium with var i ous con tact ra tios are, re spec tively, shown in figs. 5 and 6. The pre dicted non-di men sional Vari a tion of non-di men sional ther mal con duc tiv ity with con duc tiv ity and con tact ra tios of var i ous in clu sions for lower con cen tra tion (n = 0.3) two-phase sys tems ther mal con duc tiv ity in creases with the con duc tiv ity ra tio and con tact ra tios. For lower (n = 0.3) con cen tra tions, the de vi a tion be tween all mod els are al most same. For higher con cen tra tion (n = = 0.8) and higher con duc tiv ity ra tios, the de vi a tion is more within the mod els. For l = 0.1, the vari a tion in the non-di men sional ther mal con duc tiv ity has been con sid er able. It can be seen that the con tact ra tio (l) is the de ter min is tic pa ram e ter when the con duc tiv ity ra tio (a) is high where as con cen tra tion is de ter min is tic pa ram e ter when a is ap proach ing to one. Sim i larly, for lower con duc tiv ity ra tios (a < 1), the non-di men sional ther mal con duc tiv ity is in sen si tive to the contact ra tios, but it is sen si tive to the higher con duc tiv ity ra tios (a >1). From the iso-con duc tance point, a = 1, the non-di men sional ther mal con duc tiv ity ap proaches to unity for all the mod els with the same slope. The pres ent model shows a good trend for the con cen tra tions 0.3 and 0.8. For low val ues of a, the ther mal con duc tiv ity es ti ma tions of all the mod els are com pa ra ble, but they de vi ate when the con duc tiv ity ra tio ap proaches to 1000.
The pre dicted the o ret i cal ex pres sion val ues for var i ous in clu sions has been com pared on a large num ber of sam ples cited in the lit er a ture and found that the val ues pre dicted are quite close to the ex per i men tal re sults. A com par i son of pres ent mod els with ex per i men tal data for var i ous con cen tra tions has been made for var i ous two-phase sys tems such as po rous-gran u lar ma te ri als, sus pen sion sys tems, emul sion sys tems, and solid-solid mix tures. For po rous gran u lar ma te ri als (n = 0.2 to 0.866 and a = 1.812 to 398.7), the oc ta gon cyl in der has good agree ment with the ex per i men tal data. The range of ac cu racy ap pears quite good in con sid er ation with the va ri ety of sources of data se lected and the wide range of shapes in cluded. It is ob served that the oc ta gon cyl in der has an av er age de vi a tion of ±10.25% from ex per i men tal data as against ±14.12% hexa gon cyl in der re spec tively (tab. 1). The non-di men sional ther mal con duc tiv ity of sus pen sion sys tems (solid/liq uid phase) is shown in (tab. 2). All the in clu sions show a good agree ment with ex per i men tal val ues within the range of ±20% max i mum de vi a tion, be cause all the ex per i men tal val ues are low con cen tra tion with higher con duc tiv ity ra tio. The vari a tion of non-di men sional ther mal con duc tiv ity of emul sion sys tems with com par i son of ex per i men tal val ues is shown in (tab. 3). The ex per i men tal data con sid ered in emul sion sys tems have low concen tra tion and low con duc tiv ity ra tio. There fore all the in clu sions are es ti mated in the or der of ac cu racy. It is ob served that, the oc ta gon cyl in der model has an av er age de vi a tion ±12.19% from ex per i men tal data as against ±14.32% of hexa gon cyl in der. The non-di men sional ther mal con duc tiv ity pre dic tion for solid-solid mix tures is shown in (tab. 4). It is ob served that, the hexagon cyl in der has an av er age de vi a tion of ±9.63% from ex per i men tal data as against ±10.47% of oc ta gon cyl in der, re spec tively. So, the pres ent model can be used to es ti mate the ef fec tive thermal con duc tiv ity of wide range of two-phase sys tems.
Con clu sions
The col lo cated pa ram e ter mod els are de vel oped with the ef fect of var i ous in clu sions for es ti mat ing the ef fec tive ther mal con duc tiv ity of the two-phase ma te ri als. The ef fects of concen tra tion, con duc tiv ity and con tact ra tios on the non-di men sional ther mal con duc tiv ity of var ious in clu sions have been in ves ti gated. The pres ent mod els are also com pared with ex per i men tal data's for var i ous con cen tra tion and con duc tiv ity ra tio. The pres ent mod els are pre dict ing ef fective ther mal con duc tiv ity with a max i mum de vi a tion of ±20% from the ex per i men tal data's for the var i ous two-phase sys tems. The pres ent mod els can be ex ten sively used for pre dict ing the ef fec tive ther mal con duc tiv ity of two-phase ma te ri als used in the en gi neer ing ap pli ca tions. Greek let ters a -conductivity ratio (k s /k f ) e -length ratio (a/l) l -contact ratio (c/a) n -concentration
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